We utilize quantum Fisher information to investigate the damping parameter precision of a dissipative qubit. PT symmetric non-Hermitian Hamiltonian is used to enhance the parameter precision in two models: one is direct PT symmetric quantum feedback; the other is that the damping rate is encoded into a effective PT symmetric non-Hermitian Hamiltonian conditioned on the absence of decay events. We find that compared with the case without feedback and with Hermitian quantum feedback, direct PT symmetric non-Hermitan quantum feedback can obtain better precision of damping rate. And in the second model the result shows that the uncertainty of damping rate can be close to 0 at the exceptional point. We also obtain that non-maximal multiparticle entanglement can improve the precision to reach Heisenberg limit.
II. REVIEW OF QUANTUM FISHER INFORMATION
The famous Cramér-Rao bound [32, 33] offers a very good parameter estimation under the constraints of quantum physics:
where N represents total number of experiments. F [ρ S (x)] denotes QFI, which can be generalized from classical Fisher information. The classical Fisher information is defined by
where p k (x) is the probability of obtaining the set of experimental results k for the parameter value x. Furthermore, the QFI is given by the maximum of the Fisher information over all measurement strategies allowed by quantum physics:
where positive operator-valued measure {Ê k } represents a specific measurement device. If the probe state is pure,ρ S (x) = |ψ(x) ψ(x)|, the corresponding expression of QFI is
If the probe state is mixed state,ρ(x) = k λ k |k k|, the concrete form of QFI is given by
In general, it is complicated to calculate QFI. In this paper, we only consider two-dimensional system. The QFI can be calculated explicitly by the following way [34, 35] We consider a two-level system(|e , |g ), which resonantly interacts with a single-mode cavity, as shown in Fig. 1 . Without feedback, the master equation of system can be described by ( = 1 throughout this article)
where the Pauli operator is described by σ − = |g e|, the superoperator is defined as
) and γ is the damping rate.
We consider a feedback as shown in Fig.1 : the feedback Hamiltonian H f b = I(t)B, where the signal I(t) is obtained from the detector D by the direct photodetection measurement. The unconditional master equation of the system is described by [25, 36, 37] 
where
In this article, we consider that the feedback Hamiltonian is non-Hermitian, B = B † . Therefore, the transformation operator U = exp[−iBδt], which is not unitary evolution. Without loss of generality, we set δt = 1 throughout this article. In ref. [38] , a optimal feedback operator is chosen as B = aσ x + bσ y with a (b) denotes a real number. In ref. [25] , B = aσ x is shown to be a good approximation. In this article, we consider the PT symmetric non-Hermitian feedback operator B = aσ x + ibσ z . This minimal model has been studied by a lot of works [39] [40] [41] [42] . When a 2 > b 2 , it is unbroken PT symmetric non-Hermitian Hamiltonian; when a 2 < b 2 , it is broken PT symmetric non-Hermitian Hamiltonian; when a 2 = b 2 , the Hamiltonian is at exceptional point [43] .
For a superposition initial state |ψ(0) =
(|e + |g ) and without external driving (Ω = 0), the evolved density matrix of the qubit can be exactly solved, which is given as in which,
for broken PT (a 2 < b 2 ),
The optimal precision of the damping parameter γ can be obtained by Eq. (6) . However, the general analytical expression is very cumbersome. We can obtain the numerical result as shown in Fig.2-7 . Fig.2-4 represent the optimal quantum Fisher information of damping parameter γ under the above three cases: unbroken PT symmetric feedback Hamiltonian (Fig.2) , exceptional point (Fig.3) and broken PT symmetric feedback Hamiltonian (Fig.4) . Compared with the line B (without feedback Hamiltonian), we can find a marked difference that the line A (with non-Hermitian feedback) has two peaks. There is a peak in the case of Hermitian feedback Hamiltonian [25] . It can be attributed to non-Markovianity from the non-Hermitian feedback. The information can return from the environment to the system [44] . However, in ref. [44] , the information can turn back only in the unbroken PT symmetric feedback. In our feedback model, we find that the quantum Fisher information can increase again (meaning information backflow from the environment) in the cases of broken PT symmetric feedback and exceptional point. It merits further study of the essence.
From Fig.2 , we can see that the non-Hermitian feedback can obtain greater QFI than the case without feedback. And from Fig.2-4 , the QFI with the feedback decays more slowly than that without the feedback in the long time. Hence, the results are similar with the result from Hermitian feedback, as shown in ref. [25] . We can also obtain new results: by choosing different parameters, the QFI with the non-Hermitian feedback can also decays more quickly than that without the feedback. Given the fixed measurement time T , the precision of damping parameter γ can be described by
So the higher precision of damping rate γ, the larger value of F/t. It can be shown in Fig.5-7 , the QFI with the non-Hermitian feedback can be larger than that without feedback at short time. In order to better understand the numerical result, we can consider a result obtained with a fixed projective measurement, which is given by the measurement operator (|e e|, |g g|). With the projective measurement, the Fisher information is calculated by Eq.(2) 
Therefore, the optimal precision of damping rate γ can be enhanced by increasing the feedback factor (cos q + b q sin q) 2 under the situation of considering the resource of time. This can help us to understand the result shown in Fig.5-7 .
IV. THE DAMPING PARAMETER ENCODED IN AN EFFECTIVE PT SYMMETRIC HAMILTONIAN MODEL
Conditioned on the absence of decay events [45, 46] , the term σ − ρσ + in Eq. (7) can be removed. As a result, the second term of Eq. (7) is written as −γ(|e e|ρ + ρ|e e|). The corresponding conditional master equation is described by
, where H ef f is the effective PT symmetric Hamiltonian,
Firstly, we consider that there is no external driving (Ω = 0). We utilize the entangled state cos(θ)|e ⊗N + sin(θ)|g ⊗N of the same N systems to improve the precision of γ. Normalized density matrix ̺(t) is given by [47] 
Substituting Eq. (17) into Eq. (6), we can obtain the analytical expression of QFI
As a result, the corresponding precision of damping rate γ is given by
where T denotes the given total interrogation time. From the above Eq.(19), we can obtain that for the maximally entangled state (sin 2 θ = 1/2) and N ≫ 1, the optimal precision is proportional to 1/N , which is called the quantum limit.
When we measure the N systems at time t = 1 with the initial parameter sin 2 θ = exp[−2γN ], the optimal precision of damping rate γ is obtained
Namely, Heisenberg limit of damping rate γ has been achieved by using a small entangled state cos θ|e ⊗N +sin θ|g ⊗N . In one word, non-maximally entangled state can help to achieve a better precision of damping rate than that with the maximally entangled state.
Then, we consider that there is an external driving (Ω = 0). We use the eigenstate of the non-Hermitian Hamiltonian H ef f = Ωσ x − iγ|e e| to measure the parameter γ. The corresponding two non-normalized eigenstates are described by
Normalizing the above eigenstates and utilizing Eq.(4), we can obtain the QFI of damping rate with Ω ≥ γ
Therefore, we find that at the exceptional point (Ω = γ), the QFI becomes infinity. Namely, one can utilize the exceptional point to obtain a very perfect precision of damping rate γ: δγ = 0.
V. CONCLUSION AND OUTLOOK
We have utilized two different models to measure the damping rate γ and obtain the corresponding precision. The results show that direct PT symmetric non-Hermitian quantum feedback can obtain a larger QFI of the damping rate γ than that without quantum feedback. When considering the resource of interrogation time, direct PT symmetric non-Hermitian quantum feedback can obtain a better precision than the case with Hermitian feedback. It is due to that non-Hermitian quantum feedback can make the feedback factor be larger than 1. When the damping rate is encoded into an effective PT symmetric Hamiltonian, we achieve that using a small entangled state can help to enhance the precision of parameter to reach Heisenberg limit. And we find that the uncertainty of damping rate can be 0 at the exceptional point.
Our results show that PT symmetric Hamiltonian can help to obtain better precision of damping rate. It will motivate the further study of PT symmetric Hamiltonian in quantum metrology.
